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Abstract

Selection methods are essential components of evolutionary algorithms (EAs). This paper reviews five popular selection
methods used in EAs. The algorithms are examined using the cumulants of the fitness distribution of the selected individuals.
The cumulants are calculated using order statistics. The method presented here considers finite populations of arbitrary size.
The results show important differences among the selection methods considered, even when they are configured to have the
same selection intensity. Published by Elsevier Science B.V.
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1. Introduction

Evolutionary algorithms (EAs) have two basic com-
ponents: selection of the fittest and randomized oper-
ators that create new solutions from the selected ones.
For EAs to succeed, there must be a balance of the se-
lection mechanism that exploits the information gath-
ered about the problem with the genetic operators that
explore new solutions (e.g., [11,7]). To achieve this
balance, we must understand how selection affects the
composition of the population.

Various methods have been used to quantify the ef-
fect of the selection pressure that selection algorithms
exert on the population. Goldberg and Deb introduced
the takeover time [8], which is the number of genera-
tions that the selection algorithm takes to reproduce a
single representative of the optimal solution to occupy
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the entire population. High selection pressures result
in short takeover times. Others quantify the selection
pressure using the selection intensity [1,12,19], which
is the increase of the mean fitness of the population
after selection normalized by the standard deviation.
A high selection intensity corresponds to a high selec-
tion pressure. The selection intensity is related to the
population size [9], the optimal mutation rate, and the
speed of convergence [13]. More sophisticated mod-
els of selection consider the cumulants of the distribu-
tion of fitness [14]. This approach has been applied to
noisy fitness environments [15] and EAs with overlap-
ping populations [16].

The objective of this paper is to review popular se-
lection methods and examine them using the cumu-
lants of the fitness distribution. The calculations con-
sider finite populations of arbitrary size, and the results
show important differences among the selection meth-
ods considered, even when they are configured to have
the same intensity. The accuracy of the calculations is
verified with experiments. The observations in this pa-
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per shed some light on reports regarding the success
or failure of a particular combination of a selection al-
gorithm and variation operators.

Blickle and Thiele [3] studied the effect of selection
on the first two cumulants of the fitness distribution
and considered some of the selection methods studied
here. This paper extends their work by considering ad-
ditional selection methods (Boltzmann, tournaments
without replacement) and higher cumulants of the fit-
ness distribution. In addition, the method presented
here is easy to extend to other selection methods (such
as the bi-linear selection of Voss [20]) and migration
of individuals across multiple populations [5].

2. Describing the fitness distribution

The approach of this paper is to describe the dis-
tribution of fitness using its cumulants. The cumulants
are related to the central moments. Therth central mo-
ment of the fitness of a population of sizen is

µr = 1

n

n∑
i=1

(fi − f̄ )r , (1)

wherefi is the fitness of theith individual, and

f̄ = 1

n

n∑
i=1

fi .

The first three cumulants are equal to the first central
moments. The fourth cumulant isκ4 = µ4 − 3µ2

2.
The first cumulant is the mean, and the second is the
variance. Sometimes the third and fourth cumulants
are normalized by dividing them byκr/2

2 to obtain the
skewness and kurtosis coefficients. The skewness is
negative if the distribution is skewed to the left and
positive if the distribution is skewed to the right. The
kurtosis is negative if the distribution is flatter than a
normal, and positive if the distribution is more peaked
than a normal.

One possibility to calculate the expected value of
the cumulants is to integrate over all possible popu-
lations after selection [18]. Our approach is different:
we calculate the expected fitness of each individual,
and then use Eq. (1) to obtain the cumulants. The criti-
cal observation is that we may interpret the fitness val-
uesfi as samples of random variablesFi with a com-
mon distribution. We may arrange the random vari-

ables in non-decreasing order to obtain the order sta-
tistics:F1:n � F2:n � · · · � Fn:n. Without loss of gen-
erality, in the remainder we assume a maximization
task, and we normalize the random variables as

Zi:n = Fi:n − F

σF

. (2)

The expected value of theith order statistic is

µi:n = E(Zi:n)

= n

(
n − 1

i − 1

) ∞∫
−∞

zφ(z)
[
Φ(z)

]i−1

· [
1− Φ(z)

]n−i dz, (3)

whereφ(z) andΦ(z) are the PDF and CDF of fitness,
respectively.

Each individual has a certain probabilitypi of being
selected that depends on the selection method. Using
these probabilities the mean of the population after
selection is

Zsel=
n∑

i=1

piµi:n, (4)

with
∑n

j=1 pj = 1. The equation above gives the se-
lection intensity of the selection method. The expected
rth moment after selection is

µsel
r =

n∑
i=1

pi

(
µi:n − Zsel

)r
. (5)

This equation can be used to describe the effects of
selection on the population if the probabilitiespi are
known andµi:n can be calculated.

3. Selection methods

This section presents calculations that assume that
the fitness has a normal distribution with zero mean
and unit standard deviation. Other distributions can be
used, as long as we can calculate the expected value
of the order statistics by substituting the correspond-
ing PDF and CDF in Eq. (3). Using the normal dis-
tribution allows us to verify the results with previous
publications that made the assumption of normality. In
addition, we can use an approximation introduced by
Harter [10] to calculate rapidly the expected value of
the order statistics of normal distributions.
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Fig. 1. Mean and variance of fitness after linear ranking selection varying the expected number of copies assigned to the worst individual,n− .

Simple experiments were used to verify the accu-
racy of the theoretical calculations. The fitness func-
tion was al = 500 bits onemaxF = ∑l

j=1 xj , where
xj ∈ {0,1} are the individual bits in the chromosome.
The population was initialized randomly, soF has a
binomial distribution. The fitness values were normal-
ized to obtain a distribution with zero mean and unit
standard deviation, which approximates the assumed
unit Gaussian. The experiments used populations with
n = 1000 individuals, and were repeated 1000 times
with different random seeds. Using a large population
size was intentional to test whether Harter’s approx-
imation was sufficiently accurate for our purposes,
even if we exceeded the recommended maximum sam-
ple size of 400 [10]. In the graphs, the experimental
results are presented by dots with error bars that rep-
resent 95% confidence intervals, but in most cases the
error bars are not visible, confirming that the experi-
ments and the theory match closely. Tournament se-
lection was implemented directly from its description,
and in the other experiments the individuals were cho-
sen using stochastic universal sampling [2].

3.1. Linear ranking

In linear ranking selection, individuals are sorted
according to their fitness, and the probability of being
selected is linearly proportional to their rank,i, in the
population [2]:

pi =
(

n− + n+ − n−

n − 1
(i − 1)

)/
Z, (6)

where the desired number of copies of the best (n+)
and worst (n−) individuals are parameters of the

algorithm;Z = n is a normalizing factor; and to ensure
that that the probabilities add to 1,n− + n+ must
equal 2.

Fig. 1 shows the first two cumulants of the selected
individuals varyingn−. The plots show that linear
ranking is very weak: at its strongest setting the
selection intensity is 1/

√
π = 0.5642 [3]. Section 4

shows that at all possible settings ofn−, the higher
cumulants remain close to their original values.

3.2. Exponential ranking

An alternative to the weak linear ranking is to assign
survival probabilities to the sorted individuals using an
exponential function [2]:

pi = cn−i

Z
, (7)

wherec ∈ [0,1] is a parameter of the algorithm. Since

Z =
n∑

j=1

cn−j = c − 1

cn − 1
,

pi can be simplified to

pi = c − 1

cn − 1
cn−i . (8)

Fig. 2(left) shows that for most of the range ofc, ex-
ponential ranking has a much higher selection inten-
sity than linear ranking. However, for values ofc that
produce a high selection intensity, exponential ranking
also results in a distribution with low variance. A steep
loss of variance may be problematic because it sug-
gests that the population loses diversity very rapidly,
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Fig. 2. Mean and variance of fitness after exponential ranking selection varying the parameterc.

Fig. 3. Mean and variance of fitness after Boltzmann selection varying the parameterβ.

making the algorithm more likely to converge to a sub-
optimal solution unless the variation operators rein-
troduce sufficient diversity. This may explain why ex-
ponential ranking is commonly used with values ofc

close to 1.

3.3. Boltzmann selection

In this form of selection, the probability of selection
is [6]:

pi = exp(βfi)

Z
, (9)

where β controls the selection intensity, andZ =∑n
j=1 exp(βfj ). Rogers and Prügel-Bennett [16] de-

termined analytically that for weak settings the selec-
tion intensity is approximated byβ . This can be con-
firmed in Fig. 3(left), where the plot appears linear for
β < 2. The mean fitness of the selected individuals
does not increase much afterβ > 3, but the variance
decreases significantly. Thus, it may not be advisable

to use Boltzmann selection withβ > 3, unless it is
used with aggressive mutation or recombination that
reintroduce some diversity.

3.4. Truncation selection

Truncation selection deterministically selects the
top τ individuals in the population [13]. We can
cast this deterministic method into our probabilistic
framework by definingpi as

pi =
{

0 if i < n − τ ,
1/τ if i � n − τ .

(10)

Fig. 4 shows the mean and variance of the selected
individuals varyingτ . Choosing a small value ofτ
increases the mean fitness of the population signifi-
cantly, but it also reduces the variance rapidly.

It is common in evolution strategies to setτ close
to 0.15 (1/7) [17] and use aggressive mutation and
recombination operators. In contrast, in genetic algo-
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Fig. 4. Mean and variance of fitness after truncation selection varying the selection thresholdτ .

rithms truncation selection is used with weaker set-
tings (e.g.,τ ≈ 0.5 [13]) and less aggressive operators.

3.5. Tournament selection

In tournament selection the best from a random
sample ofs individuals is chosen for the next gener-
ation [4]. The samples may be drawn with or without
replacement.

An individual will win a tournament only if its fit-
ness is greater than the fitness of the others − 1 com-
petitors. If sampling with replacement, the probability
that a randomly chosen individual has a lower fitness
than theith individual is the probability that a uniform
random number in[1, n] is less than or equal toi:

P(fj � fi) = P(j � i) = i − 1

n − 1
.

In a tournament withs participants, the probability
that all of the opponents of theith individual are
ranked lower thani is P(j � i)s−1, so the probability
that theith individual survives is

pi =
(

i − 1

n − 1

)s−1/
Z, (11)

where

Z =
n∑

j=1

(
j − 1

n − 1

)s−1

.

Note that the worst individual never survives, and the
best individual wins in all the tournaments it partic-
ipates in. However, when sampling with replacement
it is possible that the best individual will never be se-
lected to participate in a tournament.

If sampling without replacement, the probability
that exactlyx = s − 1 individuals are chosen among
those with lower fitness than individuali has a
hypergeometric distribution:

P(x = s − 1) =
(
i−1
s−1

)(
n−i−1

0

)
(
n−1
s−1

) = (i − 1)!(n − s)!
(n − 1)!(i − s)! ,

and normalizing by dividing over the sum of all pos-
sibilities gives the probability that theith individual is
selected as

pi = (i − 1)!(n − s)!
(n − 1)!(i − s)!

/
Z. (12)

When s = 2 the probability of surviving the tourna-
ments is identical when sampling with and without re-
placement. The difference becomes larger with larger
tournaments and smaller populations, but in many
practical situations the differences are so small that
they may be considered negligible. It is known that the
distribution of individuals selected by pairwise tour-
naments (s = 2) and linear ranking withn− = 0 are
identical [3,8], and this can be appreciated by compar-
ing Figs. 5 and 1.

4. Comparing the selection methods

Although it is convenient to compare selection
methods by their takeover time or selection intensity,
these may not be sufficiently complete representations.
To understand why and to facilitate comparisons,
Figs. 6 and 7 plot the second and third cumulants of
the selected individuals vs. the selection intensity.
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Fig. 5. Mean and variance of fitness after tournament selection without replacement varying the tournament sizes from 2 to 32.

Fig. 6. Comparison of the variance of fitness varying the selection intensity.

Fig. 7. Comparison of the third cumulant of the fitness distribution varying the selection intensity.

Fig. 6 shows that for equivalent selection intensities,
Boltzmann selection preserves the original fitness vari-
ance more than the other methods, while truncation se-
lection results in the largest reduction of variance. The
fitness variance is a good indicator of population di-
versity in some cases, especially on those where the

fitness is determined by an additively-decomposable
function where the components are scaled equally, like
in the onemax function used in the experiments. Past
experience suggests that it is a good heuristic to prefer
the selection method that preserves the greater diver-
sity (e.g., [1]), but we must be cautious before dismiss-
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ing the other methods. Severely reducing the diversity
may be useful if the variation operators produce very
diverse individuals, which is the case in many success-
ful applications of evolution strategies.

Fig. 7 shows that starting from a unit normal, some
methods always produce a distribution that is skewed
either to the left (κ3 < 0) or to the right (κ3 > 0), but
for linear and exponential ranking the direction of the
skewness depends on the selection intensity. The sign
of the third moment is interesting, because it clearly
shows a bias in the way the individuals are sampled.
A population with positive skewness has fewer sam-
ples of the fitter individuals than a distribution with
negative skewness. One could argue that having many
highly-fit individuals is an advantage, because it is
more likely that they will remain intact after mutation
or recombination. However, it is not clear that this is
an advantage in all problems or with all variation op-
erators. Similar arguments could be made for prefer-
ring flat or peaky distributions. These biases should be
taken into consideration when choosing or designing
variation operators to avoid unbalanced combinations
with selection methods, which may result in an inade-
quate search of the solution space.

5. Conclusions

This paper presented an overview and comparison
of some selection algorithms and a method to calculate
their effect on the cumulants of the fitness distribution.
The comparisons show that Boltzmann selection is
very promising, because for a wide range of settings
it preserves the variance and the shape of the original
distribution more than other methods with the same
selection intensity.

We must emphasize that there is no single best
selection method. The success of evolutionary algo-
rithms depends on the balance between selection and
the variation operators. It is quite possible that a selec-
tion method that works well in combination with cer-
tain operators on a particular problem may be a poor
choice in a different setting.
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